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Program transformation by templates (Huet and Lang, 1978) is a technique to improve
the efficiency of programs. In this technique, programs are transformed according to a given
program transformation template. To enhance the variety of program transformation, it is im-
portant to introduce new transformation templates. Up to our knowledge, however, few works
discuss about the construction of transformation templates. Chiba et al. (2006) proposed a
framework of program transformation by template based on term rewriting and automated
verification of its correctness. Based on this framework, we propose a method that automat-
ically constructs transformation templates from similar program transformations. The key
idea of our method is a second-order generalization, which is an extension of Plotkin’s first-
order generalization (1969). We give a second-order generalization algorithm and prove the
soundness of the algorithm. We then report about an implementation of the generalization
procedure and an experiment on the construction of transformation templates.

1. Introduction

Automatic program transformation which in-
tends to improve efficiency of input programs is
one of the most fascinating techniques for pro-
gramming languages?1?).  Several techniques
for transforming functional programs have been
developed?)®):13) In particular, Huet and
Lang® introduced program transformation by
templates based on lambda calculus, and sev-
eral extensions of the technique has been pro-
posed®):7):14)

Chiba et al. proposed a framework of pro-
gram transformation by template based on term
rewriting®~%. In their framework, program
transformation is specified by some transforma-
tion pattern P = P’. A term rewriting sys-
tem (TRS for short) is transformed according
to a transformation pattern, by performing the
pattern matching between the given TRS and
the input part of the transformation pattern,
and then by applying the result of the pattern
matching to the output part of the transforma-
tion pattern (Fig. 1).

For example, the transformation pattern
P = P’ represents a well-known program trans-
formation from recursive programs to iterative
programs where

f(a — b

P f(c(ur,v1)) = glu, f(v1))
g(b,us) — U
g(d(us,vs), w3) — d(us,g(vs, ws))
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f(U4) — fl (U4, b)
fi(a, us) — Us

P’ f1(c(ue, ves), we) — f1(ve, g(ws, us))
g(bvu7) —ur

g(d(us, vs), ws) — d(us, g(vs, ws))
The following TRS R sum specifies a program
that computes the summation of a list , in which

the natural numbers 0,1, 2, ... are expressed as
0,s(0),s(s(0)),. . ..

sum(nil) —0

sum(cons(z1,ys1)) — +(z1,sum(ys1))
Rsum

+(Oa 1‘2) — X2

+(s(3),¥3) —s(+(r3,93))
The TRS pattern P matches to the TRS Rgym

under the following term homomorphism ¢, i.e.,

Rsum = @(Ip)
f —sum(dy), UL —T1, UgHTe,
g|—>+(Dl,D2), U1 Y81, Ve —Ys,

fi—suml(0y, Og), ug —xe, we— 26,
Y= a —nil, V3 T3, U7 T7,
b0, w3Y3, Ug FYs,
C n—>cons(D1, Dg), Uy —Ty, WHZg
d —s(0s), Us —T5,

Thus, the TRS Ry is transformed into the
following TRS R, = »(P’).

Sum(m)sum —suml(xy,0)
sum1(nil, x5) — s
R’ sum1(cons(xs, ¥s), 26) —
sum suml(y6,+(26,$6))
+(0ax7) -

+(s(ys), zs) —s(+(ys, 28))
Let us consider another example of program

transformation. A program that computes the
concatenation of a list of lists is specified by the
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transformation pattern

¥
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0 matching
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¥
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Fig.1 Overview of TRS transformation by transformation patterns

following TRS R cqt-
cat(Inil)
cat(lcons(z1,ys1)) —

app(z1, cat(ys1))
app(nil, x2) — o
app(COnS($3, y3)a 23) -

cons(zs, app(ys, 23))
The TRS pattern P matches to the TRS R ¢

under the following term homomorphism .
f —cat(dy), w1 =T, Ug — L6,
g —app(01,02), v1 —y1, v6 —Ys,
fi—catl(Oy,0s), ug e, we—2g,
a —Inil, V3 Y3, U7 T,
b +—nil, U3 +—x3, Ug Iy,
¢ —lcons(y, Os), w323, vg —ys,
d +—cons((y, Os), ugr—xyg, wgr—2g
U5 +—Ts,

According to the template P = P’, Regt =
©(P) can be transformed to the following TRS

I _ /

cat — QD(,P )
cat(za) — catl(axy, nil)
cat1(Inil, z5) — s
catl(lcons(xs, ys), 26) —
cat cat1(ys, app(26, 6))
app(nil, z7) — 7
app(cons(ws,ys), 2z8) —

cons(xs, app(ys, zs))
To apply the technique of program transfor-
mation by template, appropriate transforma-
tion patterns have to be constructed before-
hand. Thus, it is important to introduce new
transformation patterns in order to enhance the
variety of program transformation. Up to our
knowledge, however, few works discuss about
the construction of transformation templates.
Our idea is to construct transformation pat-
terns by considering the opposite of problems
of program transformation, that is, we try to
construct transformation patterns by generaliz-
ing similar TRS transformations. For example,
from TRS transformations Reym = Ry, and
Reat = R, we try to construct the trans-

— nil

Rcat

formation pattern P = P’. We expect that
our method will help to extract new transfor-
mation patterns from existing program trans-
formations.

We first propose a generalization procedure
of two terms, and extend it for two TRSs. We
then propose the construction of transforma-
tion patterns using the generalization proce-
dure of TRSs. The input part of the transfor-
mation pattern is constructed by generalizing
inputs of program transformations. Then the
output part is constructed by generalizing out-
puts of program transformations using the in-
formation of generalization of input part. (Fig.
2).
Our method is inspired by Plotkin’s work!")
for the first-order generalization of terms. The
key technique of our method is the 2nd-order
generalization of terms; contrast to the first-
order generalization, a function part of a term
can be instantiated in the 2nd-order generaliza-
tion. For example, a first-order generalization
of +(s(z1),y1) and +(z2,s(y2)) is +(x3,y3).
On the other hand, a 2nd-order generalization
of +(s(z1),y1) and x(s(z2),y2) is p(s(z3), y3)
where p is a pattern variable that is instanti-
ated by + or X.

An important problem in program transfor-
mation is to guarantee its correctness. We
say that a program transformation is correct
when the input and output program perform
the same computation. In fact, incorrect trans-
formations may be also obtained by the trans-
formation pattern P = P’ above. Chiba et al.
introduced a method to prove the correctness
of program transformation by template®)~>).
They have defined a transformation template
by a triple (P, P’,H) where P and P’ are used
to form the transformation pattern P = P’ and
H, called hypothesis, is a set of equations. A hy-
pothesis H is used to represent lemmas which
input TRSs have to satisfy to guarantee the cor-
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Fig.2 Overview of the construction of a template

rectness of transformation.

For automatic verification of the correctness
of transformations, Chiba et al. introduced a
notion of developed template and gave sufficient
conditions to verify the correctness of transfor-
mations by developed templates®~%). Devel-
oped templates are those that can be obtained
using simple inference rules. Provided that the
transformation template is developed, the cor-
rectness problem of a program transformation
is reduced to a semi-decidable problem. For
example, the template (P, P’, H) is developed
where P and P’ are those appeared before as
the transformation pattern P = P’ and H is
the following hypothesis:

H g(baul) g(ula b)
g(g(u2702)7w2) g(UQ,g(UZ,U}Q)).

Currently, no automatic method to produce
developed templates is known. In our frame-
work, after constructing a transformation pat-
tern by generalizing input similar transforma-
tions, we look for an appropriate hypothesis and
prove the developedness to construct developed
template (Fig. 2).

The rest of the paper is organized as follows.
In Section 2, we recall basic notions in term
rewriting and TRS transformation that will be
used throughout this paper. In Section 3, we
propose a non-deterministic 2nd-order general-
ization procedure of terms and prove its sound-
ness. In Section 4, we give a TRS generalization
procedure and report about an implementation
of the procedure. We introduce several heuris-
tics to omit obviously useless solutions and re-
duce the number of outputs of the generaliza-
tion procedure. We then give a generalization
procedure of templates and examples of con-
struction of transformation templates in Sec-
tion 5. We conclude our result in Section 6.

~
~

~
~

2. Preliminaries

This section introduces notions of term
rewriting systemsl)’lz) and program transfor-
mations by templates based on term rewrit-
ing®~5).

Let #, 2 and ¥ be the sets of function sym-
bols, pattern wvariables and local variables, re-
spectively. Any function symbol and pattern
variable p € % U 2 has its arity (denoted
by arity(p)). The set T(F U Z,7) of term
patterns (or just patterns) is defined by: (1)
Y C T(FUZ,?); and (2) p(tr,...,tn) €
T(Z U Z,Y) for any p € F U Z such that
arity(p) = nand ty,...,t, € T(FUZ,¥). For
any term pattern s, the sets of function sym-
bols, pattern variables and local variables in s
are denoted by .F(s), £ (s) and ¥(s), respec-
tively. For a term pattern s = p(s1,..., sy), the
root symbol of s is p (denoted by root(s)).

A substitution 6 is a mapping from ¥ to
T(FUZ, 7). A substitution 0 is extended to
a mapping ¢ over term pattern T(F U 2, 7)
as follows: (1) O(z) = 0(z) if z € 7, (2)
0(p(s1,...,8n)) = p(0(s1),...,0(sn)). We usu-
ally identify 6 and 6. We write s instead of
0(s). The domain of a substitution 6 is defined
by dom(f) = {z € ¥ | = # 0(x)}.

Special (indexed) constants [J; (i > 1) such
that O; ¢ . FUZLUY are called (indexed) holes.
The set of holes is denoted by #2. An (indexed)
context C'is an element of T(ZF U Z U, V).
Cls1,. .., 8p] is the result of C replacing OJ; with
S1,- .-, 8y from left to right. C(sy,...,s,) is the
result of C replacing [J; by s; fori =1,...,n
(indexed replacement). The set of indexed holes
which appear in C' is denoted by (C). A
context C' with precisely one hole is denoted
by C[]. The set of contexts is denoted by
THF UL, ¥); its subset T(FUZ U{0; | 1<
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i <n},¥) is denoted by TH(Z U 2, 7). The
sets of contexts TH(# U 2") and TS (F U Z)
without local variables are defined accordingly.

A pair (I, r) of term patterns is a rewrite rule
ifl ¢ ¥ and ¥ (1) 2 ¥(r). We usually write
the rewrite rule (I,7) as { — r. A term rewrit-
ing system pattern (TRS pattern for short) is a
set of rewrite rules. A term pattern s reduces to
a term pattern t by a TRS pattern R (denoted
by s —r t) if there exists a context C[], a sub-
stitution 6 and a rewrite rule I — r € R such
that s = C[l0] and ¢ = C[rf]. The reflexive
transitive closure of —x is denoted by —x, the
transitive closure by im, and the equivalence
closure by <>z. An equation is a pair of term
patterns; we usually write an equation [ =~ r. A
hypothesis is a set of equations.

A transformation pattern is a pair (P, P’) of
two TRS patterns. We usually denote a trans-
formation pattern (P, P’) as P = P’.

A mapping ¢ from 2 U¥ to TH(FUZ,¥)
is said to be a term homomorphism if (1)
w(p) € TErity(p) (ZUZ) for any p € domg (p),
(2) p(z) € ¥ for any x € domy(p), and
(3) ¢ is injective on domy (y), i.e., for any
z,y € domy(p), if x # y then @(z) #
©(y), where domy (¢) = {p € 2" | o(p) #
p(Dla R Darity(p))} and dom“f/(@) = {33 eV |
o(x) # z}. A term homomorphism ¢ is ex-
tended to a mapping ¢ over T(F U Z,¥) as

follows:
plr) ifs=xe?

f(¢(51)55¢(8n))
@(S): ifs:f(sl,...,sn),fef
(p(p)<95(81), sy @(sn»
if s=p(s1,...,8,), pEZ.

We usually identify ¢ and ¢. A term homo-
morphism is extended to a mapping on rewrite
rules and equations in the obvious way.

A term pattern without pattern variables is
called a term. The set of terms is denoted by
T(Z,7). A TRS pattern over terms is called a
TRS. Let P = P’ be a transformation pattern.
We say a TRS R is transformed into R' by P =
P’ if R and R’ match P and P’, respectively, by
a term homomorphism ¢, that is there exists a
term homomorphism ¢ such that R = ¢(P) U
Reom and R’ = ©(P’) U Reom for some TRS
Recom- A pattern matching algorithm between
P and R appears in 4).

3. Generalization of terms

In this section, we propose a term generaliza-
tion procedure, called 2nd-Gen, and show its

soundness. 2nd-Gen will be used as a basic
module of TRS generalization procedure. We
first give a notion of generalization of two term
patterns.
Definition 3.1 Let s and ¢t be term pat-
terns. A term pattern w is a generalization of
s and t if there exist term homomorphisms ¢
and @9 such that ¢1(u) = s and pa(u) = t.
Example 3.2 Let f,g € %, p,q € 2 and
x,y,z € V. Then
(1) p(z,y) is a generalization of f(z,z) and
g(y), since ¢1(p(z,y))) = f(z,2) a
e2(p(z,y)) = gly) for o1 = {p
f(O1, 01}, w2 = {p— g([2)}

(2) p(z) is a generalization of f(x,z) and

T2

g(y), since ¢1(p(2))) = f(z,r) and
a(p(z)) = gly) for pr = {p =
f(D15D1)7Z = Z‘}, Y2 = {p —
g(Dl)aZ'_)y}'

(3) p(a(z)) is a generalization of f(z,z) and
g(y), since ¢i1(p(a(z)))) = f(z,z) and
a(pa(2)) = gy) for o1 = {p
f(DI;D1)7q = Dlaz = fE}, Y2 = {P =
|jlyq = g(Dl)7z = y}

Our generalization procedure 2nd-Gen
given later computes a generalization of two in-
put term patterns in a non-deterministic way.
Table 1 explains how two input term patterns
f(g(x),y) and f(z, h(u,w)) are generalized into
f(p(v1),q(v2,u)) using 2nd-Gen.

Initially, two input terms f(g(x),y) and
f(z,h(u,w)) are coupled into f(g(x),y) A
f(z,h(u,w)), using a special binary function
symbol A (step 1). Since A indicates the po-
sition which will be generalized, nesting of A
is not allowed. Next, 2nd-Gen repeats the fol-
lowing process depending on two symbols a and
0 immediately below some A, until it obtains a
solution.

I If @ and 8 are local variables, then the
coupled local variables o A 3 is replaced
with a new local variable. The memoriz-
ing function records the association be-
tween the coupled local variables and the
introduced local variable.

II If @ and 3 are the same function symbols
or pattern variables, then the symbol A
is distributed in each argument.

IIT  Otherwise, the coupled contexts is re-
placed with a new pattern variable and
the modified arguments. The memoriz-
ing function records the association be-
tween the coupled contexts and the in-
troduced pattern variable.
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Table 1 Example of generalization

step coupled term memorizing function
1 A
f/ \f
g/ \y Z/ \h
| PN
2 (by II) * /f\ ’ -
A A
g/ \Z y/ \h
1 N
3 (by TID) /f\ ’ FO AT =
p A
l y/ \h
4 (by 1) /f\ i(AD?/\& : 51
P A
1}‘1 y/ \h
71/ \’IH
g(h) Alh = p
5 (by III) f TNz — vl
/ \ O AhE2,01) — q
p q
U‘l /\/ \u
y/ \w
g(th) Alh = p
TNz = U1
6 by D f O AhDe, 0 — g
/ \ yANw — v
p
1)‘1 UQ/ \u

Let A be a special binary function symbol. A
coupled term pattern is defined as follows.

Definition 3.3 The set TA(F U 27, %) of
coupled term patterns is defined as follow: (i)
T(ZF U Z,¥) C TANFUZ,Y); (i) s,t €
T(F UZ,?) implies s A\t € TAN(F UZ,Y);

(ili) if $1,...,8, ETA(FUZ,¥),pE FUZXL
and arity(p) = n then p(s1,...,s,) € TA(F U
V).

From the definition it is clear that every cou-
pled term patten has no nested A symbols. A
coupled term pattern t is A-free if t € T(Z U
Z,Y). A coupled term pattern ¢ is A-top if

t =1t At" for some t',t" € T(F U Z,¥).
Each term homomorphism ¢ and each substi-
tution 6 are extended to coupled term patterns
by (s At) = p(s) ANp(t) and O(s At) = s At
respectively. Note that the symbol A cancels
the substitution to the term patterns below it
(i.e. (s Nt) # 0(s) AO(t) in general). The set
TANF UZ U, V) is defined similarly.
Definition 3.4 Let ¢t be a coupled term
pattern. For ¢ = 1,2, the (first and second)
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(2) z ¢ range(@[}]l), y ¢ range((b[;]l), and z is a fresh local variable

where 6 = {x := 2,y := z} is a substitution.

ifpe UL

if either ®(C; ACy) =p or

(1) C1,C, e T F U Z),Cy # Co,

p is a fresh (n-ary) pattern variable

Var
if either
ClxNy], (1) ®(zx Ay) =z or
Clz]0, @U{z Ay — z}
Div
Clp(s1y.--y8n) AD(t1,. .. tn)], ©
Clp(s1 At1,...,80 Nitp)], ®
Gen
ClC1{s1,...,8n) NColty, ..., tn)], @
Clp(at,...,an)], PU{C1 ACs — p}

2

EB% Cy A Cy ¢ dom(P)
(4) #(C1)UH(Cy) ={01,...,0,}, and
s; ANt if0O; € %(Cl) ﬁ%(cg)
(I)[l](si) if O; € S(Cy) \ H(Ca)
Py (ts) if O; € H#(C2) \ H(CH)

(5) i =

Fig.3 Inference rules of 2nd-Gen

projection ;(t) of t is defined as follows:

t ifte T(FUZ,?)

p(mi(s1), ..., mi(sn))
ift=p(s1,...,8,) forpe FUZL

S; if t =351 A 89

Example 3.5 Let f,g € .% and 2,y € 7.
Then s; = f(z,z) A gly), s2 = f(x A y,x),
s3 = f(x ANy, z A g(y)) are coupled term pat-
terns but f(x A (z A y),z) is not because it
has nested A symbols. The A-top subterms
of s3 are z Ay and = A g(y). Also, we have
mi(s1) = mi(s2) = mi(s3) = f(z,2), ma(s1) =
g(y), ma(s2) = f(y,x), and ma(s3) = f(y,g(y)).

From the definition the following properties
of the projection are obtained easily.

Lemma 3.6 Leti=1or 2.

If s is A-free then m;(s) = s.

For any term homomorphism ¢ and cou-
pled term pattern s, m;(p(s)) = o(m;(s)).
For any coupled term pattern C[s1 A s3],
TQ(C[Sl A 82]) = 71(0[57])

The memorizing function ®, which records
the association between the coupled contexts
(the coupled local variables) and the introduced
pattern variables (the introduced local vari-
ables, respectively), is carried along with the
coupled term pattern during the generalization.

Definition 3.7 A memorizing function is a
partial mapping ® from {Cy A Cy | C1,Cy €
THZ U U{zAy|z,ye ¥} to Z UV
such that (1) ®(xAy) € ¥ and (C1ACs) € 2,
(2) ®(xAy) and ®(Cy ACy) are fresh local vari-
ables and pattern variables (i.e., different from

mi(t) =

all the variables already used), respectively, (3)
zAy,z Ay € dom(®P) (or yAx,y' Az € dom(P)
) implies y = ¢/, (4) f C1 A Cy — p € ® and
arity(p) = n, then C; # Cs, C1,Cs € TE(? U
3{), and %(Cl) U %(02) = {Dl, ey Dn}

For a memorizing function ®, its inverse pro-
jection is a term homomorphism defined by
<I>[;]1 ={u s; | $1As2 — u € P}, and
its local projection is a substitution defined by
Py ={zi =z | s Az = 2 € &2 € V}
From the condition (3) of the memorizing func-
tion, the local projection ®; is well-defined.

The memorization function has the next
property which follows immediately from the
definition.

Lemma 3.8 Let & be a memorizing func-
tion. Let s be a A-free term such that ¥(s) N
range(®) = (). Then (I)[;]l (@ (s)) = s.

The generalization procedure 2nd-Gen
works on pairs (s,®) of a coupled term pat-
tern s and a memorizing function ®. Figure 3
gives the inference rules of 2nd-Gen. For pairs
(s,®) and (s',®’), we write (s,P) ~ (s, )
when (s’, ®’) is obtained from (s, ®) by apply-
ing one of the inference rules in Figure 3. The
reflexive transitive closure of ~~ is denoted by
~.

The generalization procedure 2nd-Gen is
given as follows:
procedure 2nd-Gen

Input: term patterns s and ¢
begin
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1. Rename local variables of s and ¢ so that
¥ (s) and ¥ (t) are disjoint.
2. Compute (s At,0) ~ (u, ®) until u
becomes A-free.
3. Output a term pattern u

end.

Since there exist several possibilities for ap-
plying the rule Gen, two input term patterns s
and ¢ may have more than one generalization.
For example, p(u,u) and q(h, v) are generaliza-
tions of f(a,z) and g(y,y). We note that for a
given coupled term pattern the number of pos-
sible combinations of C; and Cs in the rule Gen
is finite, because of the condition (4) of Gen.

Lemma 3.9 The procedure 2nd-Gen is
well-defined.

Proof. 1t suffices to show that if ® is a mem-
orizing function and (s, ®) ~» (s’,®’) then &’
is again a memorizing function. We distinguish
cases by the inference rule applied in the step
(s, B) ~ (', ).

(Var) The case x Ay — z € ® is obvious.
Suppose xAy +— z ¢ ®. Then ¢’ = CDU{a:/\
yr— zh o & range(q)[l] ), y ¢ range((I)[2 ),
and z is a fresh local variable. Clearly, ® is
a partial mapping from {C1 ACs | C1,Cs €
THZ U2y u{zAy |2,y ¥} to 2 U
¥. The conditions (1),(2),(4) are clearly
satisfied. The condition (3) follows since
x ¢ range(@ﬁ]l) and y ¢ range(q)[;]l).

(Div) Since ®' = @, the claim follows imme-
diately.

(Gen) The case Cy A Cy — p € ® is obvi-
ous. So, suppose C1 ACy +— p ¢ &. By
C1,Cy € TH(Z U Z), @ is a partial map-
ping {Ol A Cy | 01,02 S Tm(ﬁ U 3?;)} U
{z Ay |xz,ye ¥}toZUY. Itis easy
to check the conditions (1),(2),(3),(4) are
satisfied.

0

Example 3.10 We present some examples
of the derivation of 2nd-Gen. Recall that the
symbol A cancels the substitution 6, that is,
O(sANt)=sAt.

(1) (flz,z,2) A g(y,9),0) ~Gen (p(z A
y,l’,x/\y), {f(DlaD27|:|3)/\g(Dlv|:|3) =
p}> ~?Var <p(Z, 2, x/\y)v {f(‘jla D27 D3)/\
g(01,03) — p, x Ay — z}) ~var
<p(Z, 2, Z)? {f(Dlv D?v D3) A g(Dlv D3) =
p,x Ay z}).

(2)  (f(z h(2)) A fy,9(9)),0) ~biv (f(z A
y, h(@) A g(©),0) ~var (f(zh(z) A
9W){z Ny = 2}) ~Gen (f(z,q(z A
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Y) Az Ay = 2, h(01) A g(0h) = q})
~Var (f(z,q(z)),{x Ny = th(Dl) A
9(0h) = q})

We next show that the procedure 2nd-Gen
eventually terminates for any input, by using
the following measure.

Definition 3.11 For ¢t € TA(F U 2,7,
the weight w(t) of a coupled term pattern ¢ is a
multiset of natural numbers defined as follows:

[ ifte T(FUZL,?)
) U ws) it =ps,.. )
w(t) = - WithpEgZU%
[ |51|—|-|82| ] if t =51 A sy

where |s| denotes the number of symbol occur-

rences.

Theorem 3.12 The procedure 2nd-Gen
terminates for any input.

Proof. Tt suffices to show ~~ is well-founded.
Thus, we prove that (s, ®) ~» (s’,®’) implies
w(s) > w(s’) where > is the multiset extension
of >V, We distinguish cases by the inference
rule applied in the step (s, ®) ~ (s’, ’).
(Var) One occurrence of zAy is replaced by z,

and thus w(s) = w(s")U[2]. Hence w(s) >
w(s’).

(Div) One occurrence of p(si,...,sp) A
p(t1,...,t,) isreplaced by p(s1At1,. .., SpA
tn). Since [p(s1,..,5n) A p(tr, - tn)] =
[si|+-+|sn]+]t1]+- -+ ]|tn]+2 and [|s1 A

tals oo s Atal] = [Isal+[tal, . Isnl+[tnl],
we have w(s) > w(s').

(Gen) Inthis case, we have w(p(ay,...,a,)) =
Jsil + 6l | O; € A0 n A(E)

and w(Ci(s1,...,8n) A Colty,...,tn)) =
[C1 (51, s 5m)| + [Cafts, - £ Since
0, € %(Cl) N 2(Cy) implies s; <
Cl<81, e Sn> and ti S] 02<t1, “eey tn>,
C1(51- - 5mHICaltrs- )] > [si[
for ¢ such that O0; € J2(C1) N H(Ca).
Thus the case s; # C1(s1,...,8n) O t; #
Co(ty, ..., t,) follows clearly. If s; =
Cl<81, ceey Sn> and t; = 02<t1, ... ,tn> then
C1 = O = (5, thus this case does not hap-
pen by the condition of the inference rule.

O

Now we show the soundness of the procedure
2nd-Gen, that is, every output of 2nd-Gen
is a generalization of two input term patterns.
The following lemma is shown easily.

Lemma 3.13 For any indexed context C
such that OO, ¢ J2(C) and any term
patterns $1,...,8n,ti, C{S1,...,8i,...,8,) =
C<81,...,ti,...,8n>.

We now prove the main lemma for the sound-
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ness theorem.

Lemma 3.14 Let (s, ®) ~~ (s',®'). Let %
and ¥, be disjoint sets of local variables. Sup-
pose that, for i € {1,2}, (1) 7((1)[;]1(71'1'(8))) -
¥; and (2) for any A-top subterm wuj A ug of
s, ¥(u;)) € ¥. Then, for each i € {1,2},
<I>[;]1 (mi(s)) = @Eal(m(s’)). Also, conditions (1)
and (2) hold for " and s'.

Proof. We distinguish cases by the inference
rule applied in the step (s, ®) ~ (s, ®'). We
show only ® ]1(7T1(8)) = @Eil(m(s’)) in each
case. The case ¢ = 2 is shown similarly.

(Var) We have s = C[zAy], s’ = C[z]0 where
0 = {x := z,y := z} is a substitution, and
O’ = dU{xzAy > z} for some C, z,y. Then
@y, (m1 ()

) by Lemma 3.6 (3)
[

[
= (@} (m (C))[@7] (@), ..., ] ()]
= (@ (m(Cly=2N))[.. ] byye
= (@) U{z — a}(m(CO))[.. ]
= (@[ (M (CO)[@] ()., ] (2)]
= (@) (m (CO)))[@ (w{zw}( 2),. ]
=<<1>g1<m<ce>>>[<bﬁl< 2), o O (2]
=&/, ' (m1(CO[2]))
=)' (m1(C[2)0))

v e ave § = S1y.-+58n) A
(Div) We h Clp(s1,---,58n)
p(t1,...,tn)] and 8" = Clp(s1 At1,..., 80 A
t,)] for some C,p,s1,...,t, and & = P’
The}}
(I)[l] m1(s))
= ‘1)[_1]1(71'1 (Clp(s1y---,8n)
/\p(tlv s 7tn)]))
»5n))]))
by Lemma 3.6 (3)
= ‘I’ﬁ]l(ﬂ'l (Clp(s1 At1y ...y 8n Aty)]))
by applying Lemma 3.6 (3) repeatedly
—0 (mi(s)
— 0l (m(s)
Clearly, conditions (1),(2) hold for ' and

/

= ‘I’ﬁ]l(ﬂ'l (Clp(s1,- -

s’

(Gen) We have s = C[C1(s1,...,8n) A
Cg<t1,...,tn>], SI = C[p(al,...,an)],
® = & U{C; ACy — p} for some

C Cl,CQ,p,Sl,...,tn. Then
B (m (%))
@[1]( 1(C[C1{s1, .-, 8n)
ACo(t1, ... t)]))

= @[_1]1(7T1(C[C1 (81,5 80)]))

by Lemma 3.6 (3)
=m(® (C[C1(s1, -+, 50)]))

by Lemma 3.6 (2)
=m (5 (O)[@] [1] (Cl<51,-- ,5n))s

[1] (Cl<817"'75 >)])
( [1] (C)[Cl<817"'; n>
..Cl<81,...,sn>])

since variables in dom(@‘lj) are fresh.

We now show that m(Ci(...s;...)) =
m(Ch(... (I)Ef]l(ai) ...))) holds for any i.
We distinguish three cases.

(a) Caseofd; € %(Cl) N (Cs). Then

T (Cr(..

m (C1(.. sl/\tL )
— i (Cale B (s A ) )
= (G0 ) )

(b) Caseof O; € %”(C’l) \ A(Cy).
7T1(Cl<8l>)
by Lemma 3.8
= ﬂ1(01<<1>'[f]1(a7)>)

(c) Case of O; € H#(C2) \ H(Ch).
Then since 0O; ¢ 2(C1), by
Lemma 3.13, m(Ci{...s;...)) =
w1 (C1{.. <I>']1(al)...>).

(@5 (OCh (51,150,

...Cl<81,...,5n>])
:m((I)El]l(C)[Cﬁ( El_]l( yeens)y
Ol (@), )
= 71—1((1){1]1(0)[(1)[1]1 (p(ah .- an))a

B (plan, - )
=71 (P Eil(c[p(al, e an)]))
= &{ (m(Clp(aa, . an)]))

by Lemma 3.6 (2)
0l ()
Clearly, conditions (1),(2) hold for ®' and
s

O
Now we have the following soundness theo-

rem of 2nd-Gen.
Theorem 3.15 Suppose (s At,0) ~ (u, ®)
and ¥ (s) N ¥ (t) = 0. If u is A-free then u is a
generalization of s and t. Moreover, <I>[_1]1 (u) =s
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and ‘P[E}l (u) = t.

Proof. By the assumption ¥ (s) N ¥ (t) = 0,
we can apply Lemma 3.14 repeatedly so to ob-
tain @ﬁ]l(ﬂ'l (u)) = s and ‘I)[E]l(ﬂ'g (u)) = t. Since
u is A-free, m(u) = m2(u) = u by Lemma 3.6
(1). Thus <I>[_1]1(u) = s and <I>[_2]1(u) = t. This
means that u 1s a generalization of s and t. [

4. Generalization of TRSs

In this section, we give the TRS generaliza-
tion procedure TRS-Gen based on the term
generalization procedure 2nd-Gen given in the
previous section. We also present heuristics to
drop solutions of generalization useless for con-
structing transformation patterns.

TRS-Gen generalizes two TRSs with an in-
put memorizing function by generalizing each
rewrite rule in sequence. A rewrite rule is
treated as a term pattern whose root symbol is
— in TRS-Gen. A memorizing function which
is an input of TRS-Gen is used to keep con-
sistent with the preceding generalizations.

Definition 4.1 Let Ry = {l; — 71, ...,
ln—rp}and Re ={l} — rf,...,1, = rl} be
TRS patterns over .# and — a special binary
function symbol such that — ¢ .#. The TRS
generalization procedure TRS-Gen is given as
follows:

Input: TRS patterns Ry and Ry and
a memorizing function .
begin
1. Rename local variables so that sets of
local variables of each rewrite rule
in Ry and R9 are mutually disjoint.

2. g =
3. For(i=0toi=n)
begin _
Compute [; — 7; where R
(=LAl i), Bia) ~ (= (1, i), i)
using 2nd-Gen.
end ~ ~ ~
4. Output R ={ly — 71,...,lp — Tn}
and ®,,.
end

The following is a corollary of Theorem 3.15.

Theorem 4.2 Let R and ® be outputs of
TRS-Gen whose inputs are R1, Re and ®. R
is a generalization of R; and Ry. More pre-
cisely, @ﬁ}l(’R) = Ry, <I>[_2]1(’R) = Rs2 (up to
renaming local variables) and ® C ®.

We have implemented 2nd-Gen and TRS-
Gen using modules of program transforma-
tion system RAPT3)~% and performed exper-
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iments. It turned out that our algorithms
tend to produce many solutions which are ob-
viously useless to make transformation pat-
terns.  For example, the number of solu-
tions of a generalization of sum(cons(z,zs))
and cat(cons(y,ys)) is over 1,000. Further-
more, it contains many solutions such as
p(sum(cons(z, xs)), cat(cons(y, ys))) which are
obviously useless for transformation patterns.

Even if many solutions of generalization are
obtained, they have to be enriched into devel-
oped templates by adding appropriate hypothe-
ses in order to use for program transformation.
Since such enrichment is not always possible, it
is preferred that obviously useless solutions are
omitted beforehand. Below, we report several
heuristics which work well in our experiment.

We first introduce two notions that are neces-
sary for describing our heuristics. A notion of
I-match is useful to reduce possibilities of ap-
plication of Gen.

Definition 4.3 Let C € TH(.Z U 2) be
an indexed context, and ¢ € T(# U Z,7%)
a term pattern. We say C I-matches to t if
there exist term patterns si,...,S, such that
C<51, .« .Sn> =1.

We note that the notion of I-match is a vari-
ant of the first-order matching, which is decid-
able and has a unique solution up to renaming
local variables.

Definition 4.4 (1) The set of positions of
a term s is a set Pos(s) of sequences of integers,
which is inductively defined as follows: (i) If s =
x € ¥, then Pos(s) = {e} where € represents
empty sequence; (i) If s = ¢(s1,...,8n), then
Pos(s) — {e} U Uy {ip | p € Pos(si)}. (2)
Let s be a term pattern. A position p of s is
shallower than a position q of s if |p| < |q|. The
position p is the shallowest and leftmost in t if
(i) p is the shallowest in ¢; (ii) for any shallowest
position g such that ¢ # p, there exist p’, 1, j,
q1, and g such that p = p'iq1, ¢ = p'jge and
1<7.

Our heuristics are as follows:

H1 Gen is applied only when neither Var
nor Div can be applied.

H2 For a coupled term pattern s and mem-
orizing function ®, we chose the shallow-
est and leftmost A-top subterm to apply

2nd-Gen.
H3 When <C[Cl<51,...,Sn>/\02<t1,...,tn>],
D) ~~ (Clp(aq,...,an)],®') applying

Gen, we restrict that the depth of each
indexed context C; and C5 is equal to or
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less than 1.

H4 For (C[s A t],®), we choose C; and Co
to apply Gen if there exists C1 A Cy +—
p € ® such that ¢ I-matches to s and
C5 T-matches to t.

H5 When H4 cannot be applied to (C[s A
t], ®), we choose C; and Cy to apply
Gen, if there exist C1, s1,...,8,, Cs,
ti,..oytn, k, and C; AC), — p €
® such that s = Cy(s1,...,s,), t =
Cg<t1,...,tn>, and [y € %(Cl) n
H(Cs), and C] and C4 T-match s and
tx, respectively.

H6 When H4 and H5 cannot apply to (C[sA
t], @), we choose arbitrary indexed con-
texts satisfying H3 to apply Gen.

Gen can be applied even when Var or Div
can be done. One can obtain more concrete
generalizations by giving higher priority to Var
and Div than Gen. Here, we say a term
pattern s is more concrete than a term pat-
tern t if there exists a term homomorphism ¢
such that ¢(t) = s. For example, let z,y be
local variables. Without heuristics, Var and
Gen can be applied to a pair (z A y,0). If
Var is applied then the pair (z,{x Ay — z})
is obtained. If Gen is applied then the pair
(p(z,y), {01 A Oz — p}) is obtained. The for-
mer is more concrete than the latter.

By H3, the number of possibilities of applica-
tion for Gen is reduced drastically. For exam-
ple, there are 225 possibilities for applying Gen
to (+(s(x),y) Aapp(cons(z, zs), ws), ) without
our heuristics while 81 possibilities for apply-
ing Gen with heuristic H3 according to our
experiment. In our experiments, heuristic H3
seems to work well. However, there may exist
transformations which the depth defined in H3
should be increased.

Intuitively, H4 and H5 force to generalize
common patterns by the same pattern vari-
ables. In our experiments, one can obtain more
concrete generalizations with helps of H4 and
H5. For example, pars of generalizations of
f(f(z)) and g(g(y)) are p(q(v)) and p(p(v)).
The latter is more concrete than the former and
produced using H4 and H5.

Below we demonstrate one of the derivations
following our heuristics (Fig. 4).

Step (a): We choose the shallowest
and leftmost A-top subterm +(s(x),y) A
app(cons(z, zs), ws) to apply 2nd-Gen by H2.
Var, Div, H4 and H5 cannot apply to this
subterm. So, we choose C; = +(y,0s3) and

Cy = app(Jy,0s) to apply Gen to this sub-
term. As mentioned before, there are 81 possi-
bilities of applying Gen to this subterm.

Step (b): The shallowest and leftmost A-
top subterm is s(+(z, y)) Acons(z, app(zs, ws)).
Since +(0;,0z) I-matches to +(z,y) and
app(C)q,02) I-matches to app(zs,ws), we
choose C7 = s((J;) and Cy = cons((g, ;) to
apply Gen to this subterm by H5.

Step (c): The shallowest and leftmost A-
top subterm is s(x) A cons(z, zs). Since s(0Jy)
I-matches to s(x) and cons(dy,[0;) I-matches
to cons(z, zs), we choose C; = s((Jy) and Cy =
cons((s, ;) to apply Gen to this subterm by
H4.

Step (d): We apply H2 and H4 as the step
().
Step (e): The shallowest and leftmost A-top
subterm is xAzs. We apply Var to this subterm
by H1.

Steps (f), (g), and (h): We apply Var in
the way similar to the step (e).

Example 4.5 Let Rgyum and Req: be TRSs
which appear in Section 1. The following TRS
pattern P is one of outputs of our implemen-
tation with heuristics whose inputs are Rgym,
Rear and 0:

p(r) - q

5] PP2(u,v)) —  pl(u,p(v))
pl(q,v1) — U
pl(p3(v7,va),vs) — p3(pl(v7,vs),va)

The TRS pattern P above is a generalization of
Rsum and Rcat-

5. Generalization of transformations

In this section, we discuss how to construct
transformation templates using our generaliza-
tion algorithm.

A pair (R, R’) of TRSs is called a TRS trans-
formation. We usually write the TRS trans-
formation (R,R') as R = R/. A transforma-
tion pattern P = P’ is a generalization of TRS
transformations R; = R} and R, = Rj if
there exist term homomorphisms ¢, o such
that ¢;(P) = R; and ¢;(P') =R} (i =1,2) up
to renaming local variables.

Definition 5.1 Let R; = R} and Ry =
R4 be TRS transformations where |R1| = |Ra/,
|R}| = |RS|. Here, |R| denotes the number of
rewrite rules appearing in R. The procedure
Trans-Gen is given as follows:

Input: R; = R} and Re = R
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—(+(s(z), y) A app(cons(z, 25), ws), s(+(x,y))) A cons(z, app(zs, ws)), {})

(
(a) ~ (—=(p(s(x) A cons(z, zs), y A ws),s(+(x,y)) A cons(z, app(zs, ws))),
{+(04,02) Aapp(0y, Oa) +— p})

(by H2)

(p ( ) Acons(z, zs),y Aws),q(+(z,y) A app(zs,ws), 2)),
+(01,02) Aapp(dy,0z) —p >
s(dy) A cons(Og, 1) —q

(0) ~ (=

(by H2 and H5)

(¢) =~ (—=(p(a(z A 2s,2),y Aws),q(+(z,y) A app(zs, ws), z)),
+(D17D2 /\aPP(Dl,DQ)HP )
s(dy) A cons(Og, O7) —q

(by H2 and H4)

(d) ~ (—=(pla(z A zs,2),y ANws),q(p(z A zs,y Aws), z)),
+( Dly|:|2 ) A app(C;, L) p >
s(01) A cons(Os, O) —q
(by H2 and H4)

(e) » (—=(p(a(u1, 2),y Aws),aq(p(z A 25,y Aws), 2)),
+(01,02) Aapp(dy,02) —p
s(01) A cons(dg, O) —q p)
TN\ 28— Uy
(by H1 and H2)

)~ (= (p(a(ur, 2),u2),q(p(z A zs,y A ws), 2)),
+ D17D2 ) Aapp(di,z) —p
s(01) A cons(dg, O) —q )
x/\sz—>u1 Y AN Wws — ug
(by H1 and H2)

(9) ~ (=(p(a(u1, 2), u2), a(p(ur, y A ws), z)),
+(01,02) Aapp(dy, O2) —p
s(01) A cons(dg, O) —q )
TAZS— U Y Aws— uz
(by H1 and H2)

(h’) ~ <—>(p(q(u1, Z)7 UQ), q(p(u17 U'Q)a Z))a
+(01,02) Aapp(Ey, 02) —p
s(01) A cons(dg, O) —q p)
TANZS— U Yy ANws— ug
(by H1 and H2)

Fig.4 Example of 2nd-Gen with heuristics

begin The following is a corollary of Theorem 4.2.
1. Compute P and ¢ by applying Theorem 5.2 Let Ry = R} and R2 = R/,
TRS-Gen to Rq, Ro and 0. be TRS transformations, and P = P’ an out-
2. Compute P’ and ®’ by applying put of Trans-Gen whose inputs are R; = R}
TRS-Gen to R}, R, and . and R = R,. Then P = P’ is a generaliza-

3. Output P = P’ tion of Ry = R} and Re = Rj.

end Example 5.3 Applying Trans-Gen to Ry =
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R and Rt = R, which appear in Section
1, the transformation pattern P = P’ is pro-

duced where

p(v11) — p4(v11,9)
pA(r, v14) — V14
B p4(p2(vas, v21), v22) —

P pA(va1, pl(vaz, v23))
pl(q,v%) — V26
p1(p3(vs2, v29), v33) —

p3(pl(vs2, v33), v29)

and P is the TRS pattern which appears in Ex-
ample 4.5. We note that there exists little dif-
ference between P = P’ which appears in Sec-
tion 1 and P = P’. But both of them is a gen-
eralization of Rgum = Ry and Reat = R,

To verify the correctness of transformations
automatically, developed templates have to be
constructed®~%. One has to look for an ap-
propriate hypothesis to construct a developed
template from transformation patterns gener-
ated by Trans-Gen. ~

Example 5.4 Let P = P’ be the transfor-
mation pattern appearing in Example 5.3 and
‘H the following hypothesis.

5 | pla:y) ~ pl(y,a)

pl(z,pl(y.2)) ~ pl(pl(z,y),2)
It can be shown that the template (P, P, H) is
developed®)?).

Let us consider another example of general-
ization.

Example 5.5 The following TRS transfor-
mations Ronesadd = Rnesadd a0 Rienapp =

’lempp represent the well-known program

transformation called fusion transformation.
onesadd(x, y) — ones(+(z, y))

ones(0) — nil
ones(s(z)) —

cons(s(0), ones())
+(0,z) —x
—s(+(z,9))

Ronesadd

onesadd(0,u)  — ones(u)
onesadd(s(v), w) —

cons(s(0), onesadd(v, w))
ones(0) — nil
ones(s(v)) —

cons(s(0), ones(v))

+(0,u) —u
Hs()w) o s(Ho,w))

RI

onesadd

lenapp(z,y) — len(app(z,y))
len(nil) —0
len(cons(z,y)) — s(len(y))
app(nil, y) —y
app(cons(z,y), z) —
cons(z,app(y, z))

lenapp(nil, u) — len(u)
lenapp(cons(u, v), w) —
s(lenapp(v, w))

len(nil) —0
len(cons(u,v))  —s(len(v))
app(nil, u) —u
app(cons(u,v), w) —

cons(u, app(v, w))
Applying Trans-Gen to Ronesadd = R pnesadd
and Rienapp = ’Rlempp, the transformation pat-
tern P; = P; is obtained where

Rlenapp

!
Rlenapp

p(v, w) —q(r(v,w))
a(p2) —pl
P1q a(p4(vs,v1)) —p3(s(0),q(vs))
r(p2,ve) — Vg
r(p4(viz, vg), viz) — pA(r(vi2,v13), vg)
p(p2,v16) —q(vie)
p(p4(vaz, v19), va3) —
p3(s(0), p(va2, v23))
P14 a(p2) — pl
(p4(v27,v25))  —p3(s(0),q(var))
r(p2,v30) — V30

r(p4(vse, v33), v37) — p4(r(vse, v37), v33)
Note that the transformation pattern which
is obtained from Ronesadd = R ,conda ©OF
Rienapp = Rlenapp by replacing function sym-
bols with fresh pattern variables cannot be used
as transformation pattern for the other TRS.
Example 5.6 The TRS Roubicadd is trans-
formed to Rgoubieadas by the transformation
pattern P; = P; where
doubleadd(z, y) —
double(+(z,y))
double(0) —0

Rdoubleadd § double(s(z))  —
s(s(double(x)))
+(0, z) —T
+(s(z), y) —s(+(z,y))
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doubleadd(0, v16) —
dOUb'G(Ulﬁ)
dOUb|eadd(S(U22),’U23) —
s(s(doubleadd(vgg, ’Ugg)))
double(0) —0
double(s(va7)) —
s(s(double(var)))
+(0,v30) — V30
+(s(vs6), v37) —
s(+(vse, v37))
Example 5.7 The TRS R; is transformed
to R’ by the transformation pattern P; = P
where

/
doubleadd

evenlenapp(z,y) — evenlen(app(z,y))
evenlen(nil) — true
evenlen(cons(z,y)) — not(evenlen(y))
Rerq app(nil, z) —a

app(cons(z,y),z) — cons(z,app(y, z))
not(true) — false

not(false) — true

evenlenapp(nil, v16) —

evenlen(vig)
evenlenapp(cons(vig, v22), V23) —
not(evenlenapp(vaz, v23))

evenlen(nil) — true

, evenlen(cons(vas, v27)) —

el not(evenlen(var))
app(nil, v3o) — 30

app(cons(vss, vss), v37) —
cons(vsz, app(vss, v37))
— false
— true

not(true)
not(false)

As mentioned before, templates have to be
developed to verify the correctness of transfor-
mations automatically. In this example, it can
be shown that the template (P1,P;,0) is a de-
veloped template®):?).

We now note about the implementation of our
generalization algorithm. In our implementa-
tion, TRS transformations which are input of
our algorithm are represented by pairs of two
TRSs. The implementation of our generaliza-
tion algorithm produces all solutions obtained
under the heuristics H1~H6. Each output of
our generalization algorithm is enumerated se-
quentially using the lazy evaluation technique.

6. Conclusion

We have proposed the 2nd-order generaliza-
tion procedure 2nd-Gen for term patterns and
show its soundness. Based on this procedure,
we have given a procedure to construct trans-
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formation patterns from similar TRS transfor-
mations. By using some heuristics, the number
of outputs of the generalization procedure is re-
duced and useless solutions are omitted. By
adding appropriate hypotheses, we have also
demonstrated that developed templates are ob-
tained from transformation patterns produced
using Trans-Gen.

Plotkin proposed a first-order generalization
algorithm®™). The first-order generalization is
simulated by treating local variables as fresh
constant and permitting pattern variables in-
stantiated only term patterns (i.e. indexed con-
texts without holes). Therefore, our framework
is an extension of first-order generalization. To
the best of our knowledge, there is no result of
generalization which is specialized for program
transformation.

The notion of program transformation by
templates was originally introduced by Huet
and Lang®. They showed the method to con-
struct transformation templates manually. Af-
ter their work, several results about program
transformation by templates have been ob-
tained®-"14) . In these works, no automated
method to construct transformation templates
has been proposed.

Although soundness of the generalization
procedure 2nd-Gen was proved, proving com-
pleteness of 2nd-Gen remains as a future work.
In our framework, transformation templates are
constructed manually from transformation pat-
terns obtained by generalization procedure. We
consider that it is interesting to attack the
problem of constructing developed templates
directly and automatically.
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