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[FPaa)? [P@a)

T
P(a,b) -

[Vx (P(x,2) V P(x,b))]?
P(a,a) V P(a,b)

vE [P(a,b)]!

P(a,b) 5
—P(a,a) — P(a,b) 7} ,
Vx (P(x,a) V P(x,b)) — —P(a,a) — P(a,b) '}
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assume 1:Vx (P(x,a) VP(x,b))
assume 2: —P(a,a)
from 1 have 3:P(a,a) VP(a,b) by VE
show P(a,b) as follows:
distinguish cases by 3
case P(a,a)
hence | using 2 by —I
hence P(a,b) by LE
case P(a,b)
hence P(a,b) trivially
hence claim by VE
hence —P(a,a) — P(a,a) by —I[2]
hence Vx (P(x,a) V P(x,b))——P(a, a)—P(a,a) by —I[1]

2/44

VE!

VORERAC Y 2 BUEEEAD — N &, HhEREDE
FERAKRTHD: Ve AL, FEDIEZFAWT, [2:=1](A)
#EBHTE. B3 A, RAIKDWVWTIE, REZHO LR
BA0BEEEENRVI L.

B 15.1. LUTOBARESEICL T, Vx(P(x) — Q(x) —
P(a) VP(b) — Q(a) Vv Q(b) DEELIEEEAT —K % .

v (P(x) = Q)] [v (P(x) - Q(x)))°
P@)ﬁQ@&)VEP@WAﬁ]P@)%Q@()VE@wW
Q(a Q(b
Pa) VP®)? Q) va() ! ORI
Q(a) va(o) Y

P(a) VP(b) — Q(a) Va(b) 3
Vx (P(x) = (x)) — P(a) V P(b) — Q(a) vV Q(b)
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assume 1:Vx (P(x) = Q(x))
assume 2:P(a) V P(b)
show Q(a) V Q(b) as follows:
distinguish cases by 2
case 3:P(a)
from 1 have P(a) — Q(a) by VE
hence Q(a) using 3 by —»E
hence Q(a) vV Q(b) by VI
case 4 : P(b)
from 1 have P(b) — Q(b) by VE
hence Q(b) using 4 by —E
hence Q(a) V Q(b) by VI
hence claim by VE
hence vx (P(x) — 0(x)) — P(a) V P(b) — Q(a) v Q(b) by —I[1,2]

SEERROBAEEAD —F : VIOHH

RIC, VOEARAE BWS BLGEAI —R ICDWTER
BT 2. VOEARAAE AWBIBEEE, FHATOy V1
EEEZD. 7, ROMEBEMEZEZTHLD.

[VYP(y\;) Azfz)CJ(Z)}1

yP(y

P Q)
P(x) A Q(x) N

Vx (P(x) A Q(x)) L .
VyP(y) AVzQ(z) — Vx (P(x) AQ(x)) 1

[VyP(y) AVzQ(z)]"
vz Q(z) VE

AE E

C DI BREIGERA D — N 2 L THB.
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assume 1:VyP(y) AVzQ(z)
hence 2 :VyP(y) and 3 :VzQ(z) by AE
{ fixx
from 2 have 4: P(x) by VE
from 3 have 5:Q(x) by VE
from 4 5 have P(x) A Q(x) by Al
} hence Vx (P(x) AQ(x)) by VI
hence VyP(y) AVzQ(z) — Vx (P(x) AQ(x)) by —I[1]

VOBARATHREINZERE & T2E, VOBAR
AOBERIE T, ZOEHAEAICHET 2 HEXE BV
RIS EVS TV,

ZDED IS, BHEREZAWS & XITE, {& 1AV
T, TOEROBEWHHE(RI—T)%BET 5.
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2A—7ORATI, fix BHET, Thdd AVSEH
HEETS.

VOBEARANC & 2 FEEFADERBRTILRDAEY .

{ fix x
--- have A
} hence Vx A by VI

THxid, (& THEENET Oy & BEQHRT, BFZ
He L THEDNS.

fix &, "EET 3”&V BROEELEDN, ZOEKD
‘Y, BEMICIE, ZOZRE(FEATVWDIRRERDIE
BELQBERINTWVS, &V [FETHS.
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{ fix x
-+~ have A
} hence Vx A by VI

ZDEE, BEHxIE, (BEIATVWEAN)EDLS axt
KEWMY B/HEVD ZEITER. 2FY, BL, xILERT
L0 WREE {} 70y Y ORTEATZIHAEICIE, TOD
REF, {}70v 0 OPFTREZFIETE BN HS.
(Chd, VOBARAUDRHETHo . )

LY HHY PTWVEERD DI, x& FEAFRL RVLR
B, {}70v 7 0dhTcrad, Ay JICASHIICassune
BRTHEAL TEL &L
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EE 15.2. UTOMANESEICL T, ROMEERERIC
WY B BEEEO — K &2 R
Vx (P(x) — Q(x)) = VxP(x) = VxQ(x)

v (P() = Q)2 [¥xP(o)!
P<x)w(x>()VE PG) o
Q(x
VxQ(x) L

VxP(x) — VxQ(x) -1
Vx (P(x) — Q(x)) — VxP(x) — vxQ(x)
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- ABRE BEOER
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AMEEHEER O BEEIGEAD — R JIDHER

RIS, STOHERICHT 2 BUEEAI —R Z8BN3 5. U
TORENEEXS.

1
[VxP(x,x)] VE
Py.y) o

JzP(y,z)
VyJzP(y,2) |
VxP(x,x) = Vy 3z P(y, z)

—I!

Z DA E BUGERAO — R ICEL TH 5.
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assume 1: VxP(x,x)

{ fixy
from 1 have P(y,y) by VE
hence JzP(y,z) by 3I

} hence Vy3zP(y,z) by VI

hence VxP(x,x) — Yy 3zP(y,z) by —I[1]

assume 1:Vx (P(x) — Q(x))
assume 2 : VxP(x)
{ fix x
from 1 have 3:P(x) — Q(x) by VE
from 2 have 4 : P(x) by VE
from 3 4 have Q(x) by -E
} hence VxQ(x) by VI
hence Vx (P(x) = Q(x)) — VxP(x) — VxQ(x) by —I[1, 2]

JOEARATIE, [2 = tJADFIT/R> TWDH E X,
Jo A= EHT 2, THERLEIAI—RTERALTHS.
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HE 15.3. UTOMAE%ZSEICL T, ROMBEERERIC
X9 B BEIEAD — R & Rt
VxP(x) VQ(a) = 3x (P(x) V Q(x))

[Vx P(x)]!
P LIEE.
P(a) VQ(a) P(a) VQ(a)

VxP(x) vV Q)2 Fx(P(x)VQE) 1 Ix(P(x)VQ(x))
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Jx (P(x) V Q(x))
VxP(x) v Q(a) — 3x (P(x) v a(x)) ~ L
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assume 1:VxP(x)VQ(a)
show Jx (P(x) V Q(x)) as follows:
distinguish cases by 1
case VxP(x)
hence P(a) by VE
hence P(a) vV Q(a) by VI
hence 3x(P(x) V Q(x)) by 3I
case P(b)
hence P(b) V Q(b) by VI
hence 3x(P(x) V Q(x)) by 3I
hence claim by VE
hence VxP(x) VQ(a) — 3x (P(x) V Q(x)) by —I[1]
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TMcd>T, BEEBI R RBBELEHD. ZTDLD
I, BREZBORI—TABAL B EFOL 2, BIC}TR
I-7HBLT, ZTOEFEREHINELL

Ble LT, UTOBRRICHT 2 BUGHAI—R2E 4
THELD.

[VxP(x, %)]"
Py.y) °
Iz P(y, z) A

Jy 3zP(y, z)
VxP(x,x) — Jy 3z P(y, z) -1
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EWROBLEIAI—R : IEDOHR

RIS, IORERBAICHT 2 BLEIAI—F 2 8BNY 3.
DT OEBRRICNT 2 MG — N 2 ZEX TH5.

[P(z) A =P(z)]!
ﬁP(Z)
[Bx (P(x) A =P(x))]?

[ R
—3x (P(x) A —P(x))

P) A @)
) 2 "

AE

L
JE!
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assume 1: 3x (P(x) A =P(x))

{ fix z
assume 2 : P(z) A —=P(z)
from 2 have P(z) and —P(z) by AE
hence L by —-E

} hence L using 1 by JE[2]

hence —3x (P(x) A —P(x)) by —I[1]

assume 1: VxP(x,x)
{ fixy
from 1 have P(y,y) by VE
hence JzP(y,z) by 3I
} hence JyIzP(y,z) by II
hence VxP(x,x) — Jy 3zP(y,z) by —I[1]

JLE>T, BEEEHyIER 2B DT, TORI—T
[FEAL TELL.

BHEHOZRI—T7IE, FAMLTELW. RR=VI,
2A—T DR AN NRBREICRS HlERT.
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[Vy P(x,y)] VE
P(x,y) o1
JyP(x,y)
VyP(x,y) = FyP(x,y

) —>Il

JOBMERAUCEVNTE, BHEEIEAINS. PY
Bk, VORERADE & & Rk

JOREFRATIE, ROA—TOENMIHBRELIBRES
N3 EICERE. OB A, IORERDBERICEL TIE,
EREUDF v 7 BRE.

19/44

/ﬁg 15.4. L/L-FODBEEH.%ﬁ%".L—C, /ﬂ@l_m:lu ii_t‘u
WY B BEEIAO — K &2 R
Vx (P(x) — Q(x)) — 3xP(x) = 3IxQ(x)

[Vx (P(x) — Q(x))]*

Plz) 2 0(z) " [P()]!
az) o

[3x P(x))? IxQ(x) IE
IxQ(x) )
IxP(x) — IxQ(x) -1

Vx (P(x) — Q(x)) — IxP(x) — IxQ(x)

—E
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VI
Vx (VyP(x,y) = JyP(x,y))
{ fix x
assume 1:VyP(x,y)
{ fixy

from 1 have P(x,y) by VE
} hence JyP(x,y) by 3I
hence VyP(x,y) = 3yP(x,y) by —I[1]
} hence Vx (VyP(x,y) — JyP(x,y)) by VI

assume 1:Vx (P(x) = Q(x))
assume 2 : IxP(x)
{ fix z
assume 3 : P(z)
from 1 have P(z) — Q(z) by VI
hence Q(z) by —»E
hence Ix Q(x) by 31
} hence 3xQ(x) using 2 by JE[3]

hence Vx (P(x) — Q(x)) — 3xP(x) — IxQ(x) by —I[1,2]
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SREEHER DRI — K 25 MDA~

BIICEH BRI L D IT, HFEOIRIE, MREBREBICEDW
TW2. B4 ORTEHBEEAI—NIE, AHERLY IE
BEOIRIGEVNE DER>TVWRE BN, &ldWi,
REOWEDIRE 1Z, FLEEDE B

WEEHERE o LEBATHERT AT K& 2RHITTHL:

o 1FNAADOVYREDOVIDHRIEHEINDE I &
ZWw. DFY, [ Az, y) BRILT D | & WD BRI,
[ VaVy A(z,y) BRILT D] & WD BEETHS.

o VR IDBENIAE 5 & R, (Br DEBL TE fdEE
RIS BE—BRERES £ Eh3E 0L, HETHALS
o RERDIE, BRDGEREDLD. )
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FSOHRDOF A

BCEEBAO — R T3, 5 OHMRICDOVWTIEERY EiFa
Mo fe. 7272, EBOHRICOWVTIE, BREEEDOESR
ERICEHLAVWTEFEAZEES.

FTTILRL LD IT, EEORENS, DKM, *F
TR, HWRMANTATES. Thd OUEIIERDD 5IC
FbhbhdZ e BW. I, “GLWHEDERIFTLLT,
“FELW I EAERYT, DL BAVWS WD FE.

Fh, s—tOEE, UTOMES L ALS:
o sEfHo>TH tA > THAEL EREL L.
o BFHA(s) PERIL & SR8 A(t) BRRIL.
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EFICDOWT
BIICE & S IS, EE (D TH RIBHABRSD,
5IX)EEQBIHBAICTERAL. LaL, EBEAVE,

A = MAEORKTZEVHEN (unfolding)
B <« FAROEKT2EVHIERN (folding)

DEARDERRIE, BFEDFERDE OED%E HHB I &
LHEHTHD.

L7edo T, EEEMS AWE AN TE 20, DIZEA
L5HKE35. 2FY, EohTW2 HEOEEN DAL A
WIHRICIK, ETEREZHDVENDHS.
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BOEENDLHS BWHEEE W KRED D DL FEL
KEHTRE, UTDEIIC, W ODDT—IBHB K
23 D\

T—R(1): ZDEHEETDEEDNEZTWS D, HALT
W3IBS, B8, TORAEEHEVSDICERE> T, AR
L TWB D, HELLIE, EEEEATVWSIETTHS.
it> T, EINICEEI VD, BETEMEZREL THD
WMEIDHDZIEDD. FlZlE, CcoEZETHNIE, ThET
DEEEREIS>THD, EVWHTEITRS.

=2 (2): EENEKEI T VB HRE. TOHHOEAN
BAECH- Y ThiE, EBEFABINTLSHBEEH
3. TOBEE, TORTOEMBAY HXAYT, TO
REOEBEBRDVENDS. FECE, RN,

373, BEARRAZEN DL > TOWRWEEICIE, TODE
DEBHLHENEEZ VL VBT I2LENHZ LSS ..

n—2 (3): ABTRETRVEBADI, BENEAL T
FRLCWANEA. COBAL RIS, BEXFES
F Y EL TIEWIF AR,

—#&iCIE, BLRAETH->TEH, 2FICEL-T, HBWV
&, Y ANICE2T, ERIFIIFEFIE. THBZEICEHER.
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(LSBT — K 55 ) B DIBAA (F1)

INETOEPEZ, BARNICRTH5 OIS, TI TR
BICRIRDMEDIREEZ THELD.

R 155. (Bi8) SERER LORENRIENS & RE
BHETHD.

RERROERLY, “ZARHFH, D, =AW, »
D, =R, FEELWL.

ZhICTIE, “ZHPRE"E, “EHNMET &, AR
B &%, ThThREEEW. 25 ThiE, ALO#R®
5 HBENESND.
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(EBA)

(1) =&

[ 2HARETHSE < VA (AZA)] THEHD, ZOR
BMAERTICE, VA (A2 A)ETEEEL. LT,
AEEBRICEY (BLO—R TOfix®HS), A= AxTE
BEL. (REOVIOHERIE, 55 AHE. )

[ A% FROMERERNE T, 052 FEOHEETS. &
DEx, [A]l, =[A],FRIITS. £2T, EEDMEVIC
20T, [4], = [A], BRI TB. o T, HREHEEMD
EELY, AZ A LENAS>T, FEOHERERAICD
WT, AZ A Thbs, ZERHN.]

BXFICL B2, ERICAI hE D AEA.
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(2) FME

[ AR THSE < VAVB(AZX B=B=A)]. Lk
A>T, A, BEERICEY (fix®E), “AZXB=B= A"
EREIEE W, “AX B= B ATICIE, —I0#RLY,
“AX B ERELT, “BX A" HHFIEL .

[ ABAEBEORBEARERETE. A = BERETS.
ToE, RENREEOERLY, FROMMEVICOVT,
[A], = [B],. W&, vEEBOHEE T2, T2&, [4], =
[Bl,. £2T, ES0OWENS, [B], = [A],. LEs>T,
EBOMEvICDWT, [Blo = [A].. LEN>T, RE
MREEOESLY, B A UELY, A~ BALE
B=A. &> T, FROMERENXA BICDOWT, AZB
BSIEB X ANREY LD, 2T, EHELY, IR
TH5. |
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(3) #BiE

[ 2B THD < YVAVBYC (A BMDOBE(C =
A2 CO)]. LENST, ABCEERICEY (fix® D),
“AXBHDBE(C = AXC"EREIELL.

A, B,CEEROMERERETS. AXB, BECER
9. §2&, RENRAEBEOERLY, EEOMEVIC
20T, [A]y = [Blw [Blo = [Cle- &, vEEROFHE
ET3. ZDEE, [4], = [BloD2[Bly = [Cls. &2
T, EEOMENS, [A], = [C].. ®xII, EFEDHEY
K20, [A], = [Cly. &2 T, HEBHNREMEDESRLY,
A=C. lELY, AZBHIDODBECELIFA=C. L
A>T, FEOMERERNA B, CICDOWT, A=Z BHD
A BRLIEBECARIITS. £o T, EBMEOESEDL
5, SIHEBNTHS. |
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(LSBT — K 55 ) B DIEAA (512)

RIS, B DL EMORERREFoTWAHE LT, B
HOMEICET ZEAZ O THELD.

el 15.6. B Sf: A+ B,g: B - ChEHFTHBEZE,
fEgDERgof: A— CHLHERS.

ZIT, HEOIBMIOVTHZ " EED f,glc 2N T”
NEBINTWDEZ EITEER.

EHOSHEOESE [ BHSf : A - BI2H &
VyeB Iz e A flx) =yl THRDZEIEFRTDE, AR
DELFEMf:A—-B,g:B-C%&Y, [ FEDzcC
IZDWT, $252ec ADFHELT, (gof)(a)=2&%52
& EREIEFELL.
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B#lf:A—~ B, g:B—ChHEFTHZERETS.
EREDz e CxE B (fix 2).

ZDEX, g: B - CHEHFTHBZZ & (V2 € O Jy €
B (9(y) = z), 2&FY, Vz(ze C =3y e B (9(y) = 2)))
"o, HBdye BRIFEELT, g(y) = 2D HMILT 5. £
T, (fixy) g(y) = 2725y € BHELNSD.

RIS, f:A— BONRRATHZIEND, HD e ADE
ELT, f(z)=yMKRILTS.

£27T, (fix 2) f(z) =y@dzc ADBLNS.
ZDEE, BRERDERNS, (9o f)lx) = g(f(z) =
g(y) = 2 DA IL.

LiedoT, &2T, 22 ADFEEL T(go f)(z) =2
AYRIL.

BE&Y, FEDzc CIZDWVWT, 2€ ADBFEHELT, (go
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Hr)=z&%%. 25T, gof: A CHEHTHZZ
ENRE NI, O

Eo&d, TR, UFCHVWOIERICERI D :

(EEBR)

FEDzcChED. ZDEX, g: B CHEFTHBZ
EDD, gly) =2%%ye BWIFEETS. 42T, [ A—
B 2RATHDZEDD, g(y) = 272Dy c BIFEETS.
ZDEE, BEREAKDEREND, (9o f)lx) = g(f(z) =
gy) = 2D RIL. &> T, gof: A= CHEHRTHDZ &
NRIhiz. O
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IBEE VIDIER

Vo,y € N A(x,y) &2 yICEAT 2 IRMETRI L E2ERS.
ZDEE, 2EBEHOIABELNHD I EITERLLD -

B 1): VIOTOv J OHRT, RNEIEDNS.
B ): BWEDOT Oy ¥ OFRT, VIKEDNS.

iz () = (1)
{fixz (B.S.)
(B.S.)... ‘ {fixz .. } ‘
(1S.)... (S
} ‘ {fixz .. } ‘
(1)
{2ZBETS.

Az, y) & yIC B89 % JEHliE T EERR
ERRFTY 7T A@w,005 7.
BN Ty 7
Az, k) ZAREL T (RBIEDIRE),
Az, k+1)%2 37,
Ay, k) (x # y)I3IREE L THEZ AL,

£oT, EFERDYIZDWT Az, y) HYAKIL.
F AT, FERDz,yilDWT A(x,y) DSRKIL.
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= (1)

Vo Az, y) %, yllBY 3 IBHHETEER
ERZATY 7 Vo Az, 005 FT.
(2&BEETS.

TDEY FIKES T, A(z,0) HBITERY
P &0 T, ERD2ITDWT A(x, 0) HSRIL.
VeA Ty 71 VoA(z, k) = VedA(z, k+ 1) & =Y.
VeA(r, k) B RET 2 (RIBEDRE).

{2%2BEET 3.
s OBY FIk B F, Az k + 1) HRHITE
TY. ZOEE, Ay k) (v #y) BIREES

LTERD Z EITER. .
P BRIT, EED 2,y i DWT Az, y) B
BXIL.
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- REEHROBLEIHI— K (1)
- REEHROBLEIHD— K (2)
- EEBAEA S ($D) SEBAA

- NERE BEOKTR
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HEDEEE REOEE
HEOMRICEVTIE, RERRAOMICE, SEIEh
BOMECPRAOMENAWLND.

FmiE M
B A EDRIR EF
FMIEER R (EBIEEHAVTHES B4
BB /B /A (ENA TR 3)
AV, =, mo, FhlE, W5, ~ThHRL
FERAR FIERR
v, 3 FEED~ICDVWT(Y), ~HFELT(I)

REEEEBRT EUARE (AR) % BRICRE

BIRORELS T DO AERITEITZ DT, £EHD
AEMMREINTVD EEZNIEL L.
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RERE BEDER

T 15.7. [AEF] BLABEREROEALE NERE
&R

Bl EDREZR

VxVyVz((x+y) +z~x+ (y+2))
VxVy(x+y ~y+x)

VxVyVz((x X y) Xz~ x X (y X 2))
VeVyVz(x X (y+2z) = (x X y) + (x X 2))
Vx(x + 0 = x)

Vx(x + (—x) = 0)

Vx(l X x & x)

VxVy(x X y &y X x)

0#1

Vx(-(x~0) - Jy(x xy =~ 1)
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BRBERD AR (X7 / B

Vx (—S(x) ~ 0)

VxVy (S(x) = S(y) > x~y)
Vx (x+0 = x)

Vx Vy (x+8(y) ~ S(x+y))
Vx (xx0 =~ 0)

VxVy (xxS(y) =~ (xXy)+x)

BLY, UTOWEL 9 RTOLEDRAL hEERER
[z :=0](A) AVz (A — [z :=8(2)](A)) = Vz A

R7 ) T BABROAERE > TWD.
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AMDONER (ZFCEEH)

HIEHEDAE  Vx,y(Vz(z€xorzEy) 2 x~Yy)
PHRE  VxdyVz(z ey < zex N A(z))
TEEEONE  IxVy(y ¢ x)

WEREDAE Vx,yJuvz(zceucrzrxVzry)
EHEARDAE VudzVx(x€z <+ Jycu(xey))

(ZFCEBRTRI0DDAELADS. )

BRONENS, IFXFLEEOMENEHAINS
&R, (ZOMD)EMNARRIE, AENEAHRE WD
F—T—RDA> TWBEKEMKT S & L.
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GEABIR) Beid, AR, BRPOMARLY thomR
WEBMTHTHRI NG, (FAE, BAKO0,1,2,. .
0, {0}, {0, {0}}.... £ RbL, <7/ QAEHEING T
LEFT. )

BRMORENS, HETLL F BEANAMELE D
£OICEBATE 2 DD EMBRT B ICIE, LATFDOEA KE
HESD:

BW Bl—, #PEOEME, HATMR, 19714,

BE, FBEZDRODEMEE L THEIZL NILELTEHE
PakeE BUWET.
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“BAS AV, “BBERT &7

SEBAD AT, “BAL AP “BBE” & Wo EEENAW
LNTWEDERAEZEDHZHE L N, FERORD
THWS TS “BAS AP “BF"d, BEOEETHWS “
BAS AV “BI” & BELDEREE > TWS.

— A7 Bk

T WBWAEKRL TEBE> TWB LD ICBARWL. ]
[ ZNARY ILBRWED BT —RIERIEIICBRAS .

FEEATRVS h 2 Bk:
[ Du DIFXETIRZEE TES. |

FERRFRIC, “BAS AV R “BE EEHNNTVWRIBA, £
DA% BATHETES AFhEWIT A0,
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