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C ional progr ing 1 are growing
ever more enormous, but not stronger. Inherent defects
at the most basic level cause them to be both fat and
weak: their primitive word-at-a-time style of program-
ming inherited from their common ancestor—the von
Neumann computer, their close coupling of semantics to
state transitions, their division of programming into a
world of expressions and a world of statements, their

. jinability to effectively use powerful combining forms for
building new programs from existing ones, and their lack
of useful mathematical properties for reasoning about
programs.

An alternative functional style of programming is
founded on the use of combining forms for creating
programs. Functional programs deal with structured
data, are often nonrepetitive and nonrecursive, are hier-
archically constructed, do not name their arguments, and
do not require the complex machinery of procedure
declarations to b generally applicable. Combinii

level ones in a style not possible in conventional lan-
guages.

Communications August 1978
of Volume 21
the ACM Number 8
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On the Church-Rosser Property for the Direct Sum
of Term Rewriting Systems

YOSHIHITO TOYAMA
NTT Elevirival Communication Laboratories, Tokyo, Japan

Abstract. The direct sum of two term rewriting systems is the union of systems having disjoint sets of
funcuen symbols. It is shown that if two term rewriting systems both have the Chruch-Rosser property,
then the direct sum of these systems also has this property.

Categonies and Subgect Desenptors: F. 1. | [Computation by Abstract Devices}: Model of Computation—
hiliry theory; FA4.1 Logic and Formal Language]: Maihematical Logic—lambda

cutleules e reluted systems

Genenal Terms: Theory

Additional Key Words and Phrases: Church-Rosser property, nonlinear rewriting rule. reduction system.
ferm rewriting system

\. Introduction

We consider properties of the direct sum system R, @ R; obtained from two term
mmnngmm&andﬂ; [3].Tl1el'uslsludy on the direct sum system was
conducted by Klop [3] in order to consider the Church-Rosser property for

bi y reduction having i rewriting rules, which contain
term rewriting systems as a special case. He showed that if R, is a regular
(i.e., linear and nonambiguous) system and R; consists of the single nonlinear rule
Dix, x) > x. then the direct sum R, & R, has the Church-Rosser property. He also
showed in the same manner that, if R, consists of the nonlinear rules

(T, x, NP x,
if(F, x, nby,
i x9)bx
then the direct sum R, @ R; also has the Church-Rosser property. This result gave
a positive answer for an opcnpmbhnmdbyODoan[ﬂ
K.lopswurkwasdunc on b y reduction hﬂung!hcl’nllumn;
rtsmcuons: R, 15 a regular (i.c., lincar lnd nonambiguous) system, and R; is a
system having specific rules such as D{x, x) > x. In particular, the
restiiction on R, plays an essential role in his proof of the Chmch—Rompmpuw
of R, & R:: hence his result cannot be applied to bi ¥
{and term rewriting systems) without this restnction.

Author’s address: NTT Electrical Communication Laboratories, 3-9-11, Midoni-cho, Musashino-shi,
Tokyo, 180 Japan.

Permission 1o copy without &ea]lnrmdnmmmlummapmﬂddﬂmthcmmm
made or dis for direct the ACM copyright notice and the title of the
puhblication and its date appear, and notice is given that copying is by permission of the Association for
Computing Machinery, To copy otherwise, or 10 republish, requires a fee and/or specific permission.
© 1987 ACM 0004-5411/87/0100-0128 $00.75
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COUNTEREXAMPLES TO TERMINATION FOR THE DIRECT SUM
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Keywords: Term rewriting system, (ermnation

1. Introduction

A term rewriting system R is a set of rewriting
rules M — N, where M and N are terms [1.3,5].
The direct sym system R, @ R, is defined as the
unlon of two term rewriting systems with disjoint
ymbals [8]. The following was proved in
[8]. for any two term rewriting systems R, and R ;.

Propasition. R, & R, is confluent iff Ry and R,

are confluent.

By replacing “confl vm.h' inating” in
tlleubm'c,_, ation, the

for the terminating property has the following
form.

Conj R,®Ry iy iff Ry and R,

are lerminating.

However, the answer to this Conjecture is nega-
tive against our expectation. We show counterex-
amples to this Conje and its fifi

2. Counterexamples

A counterexample 1o the above Conjecture is
obtained by R, and R, having the following
rewniting rules [8]:

R, (F(0,1,x)—F(x, x, x).
r. [C-¥)I—=x
P lG(xy) =y

It is trivial that R, and R, are terminating
However, R, ® R, is not terminating. because
R, @ R, has the following infinite reduction se-
quence:

F(G(0, 1). G(0, 1). G(0. 1))

— F(0, G(0. 1), G(0, 1))

— F(0, 1, G(0, 1))

— F(G(0, 1), G(0, 1), G(0, 1)) = ---.

This le also provides a negati
answer 10 the same question for the direct sum of
recursive program schemes suggested by Klop [6].

Dershowitz [1,2,3] showed the following theo-
rem for termination of the union system.

Q020019087 /53 50 © 1987, Elsevier Scicnce Publishers BV, (North-Holland) 141

Toyama’s Counterexample (1987
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O Combination Problems

9

Combination Problems

We have seen that properties like termination and confluence are in gen-
eral undecidable and require sophisticated technology to solve interesting
subclasses. Because the likelihood that a given TRS can be treated with
a particular method decreases with the size of the TRS, it is desirable to
modularize tests for confluence and termination. For example, the system
R := {f(z,z) - =, a — g(a)} cannot be shown to be confluent by any of
the methods of Chapter 6 because R is neither left-linear nor terminating.
However, Ry := {f(z,z) — z} is terminating, has no critical pairs and is
therefore confluent. Similarly, R; := {a — g(a)} is orthogonal and thus also
confluent. Wouldn’t it be nice if we could conclude that R = Rg U R; must
therefore also be confluent? A famous theorem by Toyama, which started
the whole field of combination problems for term rewriting systems, asserts
that this is the case because Ry and R; do not share function symbols. This
chapter studies under what conditions we can transfer confluence and/or
termination from individual systems to their union.

Computer scientists want to combine not just properties but also algo-
rithms. Hence the final substantive section in this chapter is devoted to one
particularly well-behaved instance, that of combining decision procedures
for the word problem: given decision procedures for ~g, and ~g,, how can
we decide ~g,ug,? Of course, for arbitrary Ey and E; this is not possible,
but if they do not share function symbols, it is.

9.1 Basic notions
It is obvious that the less interaction there is between two term rewriting
systems Rp and R;, the easier combination problems become. Although
most of the time we restrict ourselves to the case where Ry and R; do not
share function symbols, the problems are still far from trivial.

200
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8 Modularity

8
Modularity

Modularity is a well-known programming paradigm in computer science.
Programmers should design their programs in a modular way, that is, as a
combination of small programs. These so-called modules are implemented
separately and are then integrated to form the program as a whole. Be-
cause TRSs have many important applications in computer science, it is
important (not only from a theoretical viewpoint but also from a practical
point of view) to know under which conditions a combined system inherits
desirable properties from its constituent systems. For this reason modular
aspects of term rewriting have been extensively studied in the past decade.
To render a detailed account of all known modularity results goes beyond
the scope of this book. Instead, we will give an overview of the most im-
portant results for TRSs (Section 8.2) and CTRSs (Section 8.7). We will
also present selected results in detail.

8.1 Different Kinds of Combinations

Definition 8.1.1 A property P is modular for TRSs if, for all TRSs
(F1,R1) and (F2,R2) having property P, their combination (union)
(F,R) = (F1 UF2, R1 URy) also has the property P.

The knowledge that (perhaps under certain conditions) a property P
is modular allows an incremental development of programs. On the other
hand, it provides a divide-and-conquer approach to establishing properties
of TRSs. If one wants to know whether a large TRS has a certain modular

(© Yoshihito Toyama 36/48
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Bernhard Gramlich
TU Wien, Austria

ARFELCEE -ENEDO ABSTRACT

Keywords: We revisit modularity in term rewriting which for the last 25 years has been a very active
F:;:fa"["_”:}'"g and fruitful research field. Starting with the pioneering works of Yoshihito Toyama on
Cfm"uen;‘; the modularity of confluence and the non-modularity of termination he thus initiated
Modularity an extremely productive line of research, with many non-trivial and deep results,

striking ¢ and a ial amount of ic theoretical foundations,
methodological principles and novel proof techniques. In this focused summary we
will revisit the modularity analysis for ordinary term rewriting systems, considering
various confluence and termination properties and restricting ourselves mainly to the
case of disjoint unions. We will summarize known results on the (non-) modularity of
various confluence and termination properties, and exhibit crucial ideas, constructions and
phenomena. Later on we will also briefly consider various extensions, applications, related
questions and open problems, as well as recent developments.

© 2012 Elsevier B.V. Al rights reserved.

1. Introduction and overview

We revisit modularity in term rewriting, a field that has developed a lot since the seminal works of Yoshihito Toyama
more than two decades ago. The focus will be on modularity of confluence and termination properties of (first-order) term
rewriting systems (TRSs). Later we will also consider directions for extending the analysis, by weakening the disjointness
requirement, looking at further properties and aspects to be investigated w.r.t. modularity, and taking into account other
types of rewrite systems. We will summarize what is known so far, highlight some historic mi discuss basic ideas,
crucial notions and concepts, main proof techniques, fundamental constructions and the main sources of difficulties in
modularity analysis. Furthermore we will briefly discuss the impact of research and results in modularity on other fields
and vice versa, and mention some open problems and research challenges. Since the field of modularity in (term) rewriting
has become enormously diverse and rich, any such summary has to concentrate on certain aspects and questions and is thus
highly incomplete and also subjective to a certain degree. In order to complete the picture a bit, we try to mention at least
those aspects and subfields where modularity is also important and studied, but where due to lack of space we do not go
into details. Instead, we try to give lots of pointers to the abundant literature on the respective subjects.

Let us be more concrete now and begin with something positive. In [82] Toyama proved that confluence is a modular
property of disjoint TRSs whereas termination is not. The former celebrated result is fairly non-trivial, since termination of
the disjoint union of two terminating systems cannot be d, due to the no dularity of termination. The famous
counterexample Toyama discovered is the following. '

E-mail address: gramlich@logic.at.
1 n an inspiring invited talk at RTA 2005 in Nara, Japan [84] Toyama told a bit about the history of these early days of modularity. He displayed a copy
of the coverpage of a manuscript where he had ‘proved’ the modularity of termination. When trying to complete this proof he realized that there was a
non-repairable gap — and shortly he got the inspi for the when crossing a red traffic light ...

0304-3975/$ - see front matter © 2012 Elsevier B.V. All rights reserved. 5
doi:10.1016/j.tcs.2012.09.008
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Confluence Competition

CoCé

@ The completitions took part in IWC (Interntional Workshop on
Confluence)

@ YES/NO should be followed by a proof argument which is
understandable by human experts.

e 100-150 problems (almost) from literature are considered.

e Timeout of 60 seconds for each problem.
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